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CHUONG 1
MG DAU

Giai tich dieu hoa 1a mot trong nhitng linh vitec toin hoc quan trong, thu hit nhiéu nha
toan hoc quan tam nghién cttu. Linh vife nay c6 rat nhiéu tng dung quan trong trong mot
s6 linh viuc toan hoc khéc, chang han nhu phuong trinh dao ham riéng, 1y thuyét toan ti, 1y
thuyét cac khong gian ham, co hoc luong ti, xtt Iy tin hiéu va nhiéu linh vige khoa hoc khéc.
Mot trong nhitng van dé cot 161 ciia giai tich diéu hoa d6 1a nghién citu tinh bi chin clia cac
toan ti trén cac khong gian ham, cu thé la bai toan chiing minh bat dang thic

ITHlly < CllFlx (1.1)

trong d6 C 1 hang s6 duong, X va Y la hai khong gian ham v6i chuan (hoic tya chuan)
tuong tng la |||y va ||-|ly. Bai toan dudc dat ra la cho truéc hai khong gian ham X va Y,
can tim cac diéu kien dé bat dang thic ding, va néu c6 thé thi xac dinh hing s6 C
tot nhat. Tuy nhién, cac diéu kién can vé tinh bi chan dugc dua ra, néi chung, khong phai
14 diéu kién du. Do d6, viéc tim kiém cac diéu can va di cho tinh bi chin clia toan tit, cling
nhu x4c dinh hing s6 C' t6t nhat 13 mot bai toan tha vi va hap dan, da tir lau thu hat nhieu
nha toan hoc quan tam nghién citu, va trong nhiéu truong hop, theo su hiéu biét ctia ching
toi, day 1a 16p bai toan thuoc loai rat kho.

D6i tuong nghién citu chinh ctia luan an 1a nghién citu 1y thuyét cac 16p toan tit Hausdorff,
thé vi Riesz va cac giao hoan t1t clia chung trén cic khong gian ham nhu khong gian Morrey,
Herz, Morrey-Herz c6 trong, v6i cac biéu trung thuoc khong gian Lipschitz, khong gian tam
BMO c6 trong, trong d6 cac ham trong dugc xét 6 day thudc cac 16p trong lay thia, 16p
trong thuan nhat, 16p trong Muckenhoupt, 16p trong tity ¥ trén truong thirc, trén khong gian
vecto R” va trén khong gian vecto Q. Céac 16p toan tit nay chita dung hodc c6 moi lien he

mat thiét v6i nhieu toan tit co dién quan trong trong giai tich diéu hoa, chang han nhu toan
tit Hardy, toan tit Cesaro, toan tit cuc dai Calderén, toan tit Abel, toan tit tich phan phan
tht Riemann-Liouville, todn tit Hardy-Littlewood-Polya, toan tit Hilbert, todn tit cuc dai
Hardy-Littlewood, toan t tich phan ky di, ...

Pham vi nghién cttu ctia luan 4n thuoc linh vie Giai tich dieu hoa, tap trung chinh vao
nghién citu tinh bi chin clia toan tit Hausdorff, thé vi Riesz va cac giao hoan tit clia chiing
tren mot s6 khong gian ham. Ngoai phan mé dau, tong quan, cac phuong phap nghién ciu,
két luan va tai lieu tham khéo, cic két qua chinh ctia luan an dugc trinh bay trong Chuong
4 v6i cac noi dung nhu sau:

e Noi dung 1: Uéc lugng chuan clia toan tit Hausdorff lien két v6i bién déi Opdam-
Cherednik va giao hoan tir véi bieu trung thudoc khong gian Lipschitz trén cac khong gian
Morrey va Morrey-Herz c6 trong.

e Noi dung 2: Gidi thiéu toan tit Hausdorff tich suy rong va nghién ctu tinh bi chan cua
16p toan tit mdéi nay trén cac khong gian Morrey va Morrey-Herz hai trong, dong thoi ching
toi ciing dua ra mot so6 ap dung clia ching.

e Noi dung 3: Uéc lugng chuan ctia toan tit p-adic Hausdorff da tuyén tinh trén cac khong
gian Morrey va Herz hai trong bao gom trong lily thita, trong tity ¥ va mot so6 ap dung.

e Noi dung 4: Nghién citu tinh bi chan ctia thé vi p-adic Riesz va cac ude lugng Lipschitz
va ude lugng tam BMO c6 trong cho cac giao hoan tit ciia thé vi p-adic Riesz trén khong gian
Morrey-Herz hai trong.

e Noi dung 5: Nghién citu tinh bi chin ciia thé vi p-adic Riesz v6i nhan tho va giao hoan
tt v6i bieu trung thudc khong gian tam BMO c¢6 trong trén khong gian p-adic Morrey hai
trong va khong gian p-adic Herz hai trong.



CHUGNG 2
TONG QUAN

Toan tit Hausdorff 1a mot trong nhu’ng toan tu quan trong trong glal tich diéu hoa va
da dugc nghlen cliu Chuyen sau bdi cac ing dung ctia n6. Nguon goc cua toan tit nay trén
truong thic c6 thé bat nguon tit cac cong trinh ctia W. A. Hurwitz va L. L. Silverman [W. A.
Hurwitz, L. L. Silverman (1917), On the consistency and equivalence of certain definitions of
summabilities, Trans. Am. Math. Soc.] va sau d6 duge dé xuat boi F. Hausdorff [F. Hausdorff
(1921), Summationmethoden und Momentfolgen. I, Mathematische Zeitschrift] dé nghién citu
tinh kha tong ctia chudi s6, chudi lity thita. Toan tit Hausdorff mot chiéu duge dinh nghia béi

Hof(x) = 7 % (5) (2.1)
0

trong d6 @ la ham kha tich dia phuong trén (0,00). Dac biét, toan tit Hausdorff chita dung
hosic ¢6 moéi lien hé mat thiét véi nhidu toan ti co dién trong giai tich, chang han, toan ti
Hardy, toan ti trung binh Hardy-Littlewood c6 trong, toan tit Cesaro, toan tit tich phan
phan thit Riemann-Liouville, toan tit Hardy-Littlewood-Pélya, . ..khi chon ham & thich hgp.

Trong nhitng thap ky gan day, toan tt Hausdorff va cac bién thé clia né ciing nhu céc
ting dung ctia ching 14 mot trong cac chtt dé toan hoc thi vi va hap dan, thu hat nhiéu nha
toan hoc trong nuéc va quoc té quan tam nghién citu trong nhiéu béi canh khac nhau. Vao
nam 2002, toan t Hausdorff dugc md rong len khong gian nhiéu chiéu béi G. Brown va F.
Moéricz [G. Brown, F. Moéricz (2002), Multivariate Hausdorff operators on the spaces LP(R"),
J. Math. Anal. Appl.]. Toan tt nay dugc dinh nghia nhu sau

Hoall)e) = [ T rA@aa, =Ry (2.2)

trong d6 @ la ham kha tich dia phuong trén R", A(t) 1a mot ma tran ¢6 n x n théa méan
det A(t) # 0 v6i hau khdp ¢ thuoc gia cia ®, va z 1a vecto n-cot. RO rang, khi ®(¢) =
[t["4(t1)x[0,1 (t), trong d6 ¢ : [0,1] — [0,00) 1& mot ham do dugc va A(t) = t1l, vii t =
(t1,t2,...,tn), thl toan ti He 4 tré thanh toadn tit trung binh Hardy-Littlewood c6 trong
duge dinh nghia béi C. Carton-Lebrun va M. Fosset [C. Carton-Lebrun, M. Fosset (1984),
Moyennes et quotients de Taylor dans BMO, Bull. Soc. Roy. Sci. Liege| ¢c6 dang nhu sau

1
= /¢(t)f(tx)dt, reR"™ (2.3)
0

BGi céich dat (t) = |t (t1)x{o.n (£) V& A(t) = 5(t1) L VGi t = (t1. 13, .. £), trong d6 s : [0, 1]
R 1& mot ham do dudc, ta thu dude toan tit Hardy-Cesaro lién két véi duong cong tham sd
s(z,t) := s(t)r do N. M. Chuong va H. D. Hung [N. M. Chuong, H. D. Hung (2014), Weighted

BMO-bounds for a new generalized weighted Hardy-Cesaro operator, Integral Transforms
Spec. Funct.] dé xuat. Cu thé, toan tit Hardy-Cesaro duge dinh nghia béi

1
Uyl 1)) = [ 00560, 2 € R (2.4)
0



Gan day, 1y thuyét toan ti trung binh Hardy-Littlewood c6 trong, toan ti Hardy-Cesaro,
va cac toan ti Hausdorff duge md rong trong nhieu béi canh khéc nhau va duge nghién citu
trén nhiéu khong gian ham nhu khong gian Lebesgue, khong gian Morrey, khong gian Herz,
khong gian Morrey-Herz, khong gian Hardy, va khong gian BMO ké ca trudng hop cé trong.

Trong nhitng thap ky vita qua, véi nhiing ting dung manh mé cua giai tich p-adic trong
linh vite vat 1y toan, ciing nhu trong khoa hoc va cong nghé, nhiéu 1y thuyét trén truong
thuc dude chuyén sang nghién citu trén truong sé6 p-adic va da thu dude nhiéu tng dung hitu
ich. Tiép theo, chting toi nhic lai dinh nghia clia todn ti trung binh Hardy-Littlewood c6
trong trén truong s6 p-adic. Cho ¢ : Q, — C 1a ham do dugc theo do do Haar. Toan t1t p-adic
Hardy-Littlewood c6 trong duge dinh nghia nhu sau

Upf(x)= [ [lta)p(t)dt, =€ Q. (2.5)
z;

Uéc lugng chuan clia toan ti L{i dugc chi ra trén khong gian Lebesgue va khong gian BMO

bdi K. S. Rim va J. Lee [K. S. Rim, J. Lee (2006), Estimates of weighted Hardy-Littlewood
averages on the p-adic vector space, J. Math. Anal. Appl.], va trén khong gian Morrey-Herz

va khong gian Triebel-Lizorkin béi N. M. Chuong va D. V. Duong [N. M. Chuong, D. V.
Duong (2013), Weighted Hardy-Littlewood operators and commutators on p-adic functional
spaces, p-Adic Num. Ultrametr. Anal. Appl.].

Dieu thii vi la todn 1t ¢4]) c6 lien he chat ché voi mot s6 phuong trinh gid vi phan trén truong
p-adic. Cu thé hon, A. Kochubei [A. Kochubei (2014), Radial solutions of non-Archimedean
pseudodifferential equations, Pacific J. Math.] da nghién citu bai todn Cauchy cho cac phuong
trinh gia vi phan p-adic c6 dang

Do+ alalyhu = f(laly), € Qy, 2.6

u(0) =0, '
trong d6 D la toan ti Vladimirov c¢6 bac a, a, f la cac ham lién tuc cho trude, va u la ham
ban kinh can tim. Nghiém ctia phuong trinh gia vi phan dang (2.6)) dugc biéu dién thong qua
tich phan phan thit p-adic Riemann-Liouville, cu thé 1, « = RE(f), trong d6

1 — p@
RN = by [ (et = ) s
Itlp<|zlp
R6 rang rang,
RE(F)(@) = Uy, fz) = Uy, f(2))|=]y, (2.7)
trong do
_ - a—1 > —
Qﬂl(t)—l_—]w’l—t‘p s va @Dg(t) —wl(l—t)

Tit dang thiic (2.7) cho chiing ta thiy ring viéc mé rong nghién ctiu toan tit p-adic Hardy-
Littlewood c6 trong L{,fz trén cac khong gian c6 trong lity thita 1a sy phat trien mot cach tu
nhién vé mit 1y thuyét va c6 ting dung vao cac phuong trinh gid vi phan p-adic.

Nam 2010, S. S. Volosivets [S. S. Volosivets (2010), Multidimensional Hausdorff operator

on p-adic field, p-Adic Num. Ultrametr. Anal. Appl.] d& gidi thiéu toan tit p-adic Hausdorff
dugc dinh nghia nhu sau



W2, () () = / o) fAWa)dy, © e QL. (2.8)
Qn

Diéu dang chu ¥ 1a mot s6 toan tit quan trong trong giai tich p-adic nhu toan tit trung binh
p-adic Hardy-Littlewood c6 trong, toan ti p-adic Hardy, toan tit p-adic Hilbert, toan tt p-adic
Hardy-Littlewood-Pélya va toan tit p-adic Hardy-Cesaro la cac truong hgp dac biét cta toan
tu p-adic Hausdorff.

Mot hudng nghién citu thi vi khac ma ching t6i lya chon trong luan an nay doé la nghién
ctu tinh bi chan cta thé vi Riesz c¢6 quan hé mat thiét v6i toan ti Hausdorff, né la tong
quét hoa ciia tich phan phan thi Riemann-Liouville lén khong gian nhiéu chiéu. Trong [M.
H. Taibleson (1975), Fourier Analysis on Local Fields, Princeton University Press, Princeton,
NJ, USA, University of Tokyo Press, Tokyo, Japan|, M. H. Taibleson gidi thiéu va nghién
citu thé vi p-adic Riesz c6 dang

2(f)(a) = = /@ W), (2.9)

Ln@) Jgp lo—ylp™®
trong d6 f: Qp — C, I'y(a) = 11__1;::, véi p 1a s6 nguyen t6 va o € C\{0}, trén cac truong dia
phuong.

Trong nhitng thap ky gan day, thé vi p-adic Riesz nhan dudc sy quan tam va nghién ctiu
rong rai trong nhic¢u béi cdnh khac nhau béi cac ting dung ctia né. Dién hinh, Y. C. Kim [Y. C.
Kim (2010), A simple proof of the p-adic version of the Sobolev embedding theorem, Commun.
Korean. Math. Soc.] da chiing minh bat dang thitc p-adic Hardy-Littlewood-Sobolev bing
cach st dung ki thuat biéu dién Calderén-Zygmund. Sau d6, S. S. Volosivets [S. S. Volosivets
(2013), Maximal function and Reisz potential on p-adic linear spaces, p-Adic Num. Ultrametr.
Anal. Appl.] da mé rong nghién cttu thé vi p-adic Riesz trén khong gian p-adic Morrey suy rong
va cho thay sy tuong tu cac két qué trong khong gian Euclide R” do E. Nakai [E. Nakai (1994),
Hardy-Littlewood maximal operator, singular integral operators and the Riesz potentials on
generalized Morrey spaces, Math. Nachr.| dua ra. Hon nita, Q. Y. Wuva Z. W. Fu [Q. Y. Wu,
Z. W. Fu (2015), Hardy-Littlewood-Sobolev inequalities on p-adic central Morrey spaces, J.
Funct. Spaces] md rong nghién cttu bat dang thitc Hardy-Littlewood-Sobolev trén khong gian
tam p-adic Morrey va thu dugc ude lugng trén khong gian BMO cho giao hoan tit clia thé
vi p-adic Riesz. Nam 2019, N. M. Chuong, D. V. Duong va K. H. Dang [N. M. Chuong, D.
V. Duong, K. H. Dung (2019), Weighted estimates for maximal operators, Riesz potential
operator and commutators on p-adic Lebesgue and Morrey spaces, p-Adic Num. Ultrametr.
Anal. Appl.] da thiét 1ap tinh bi chdn cho thé vi p-adic Riesz va giao hoén t1t clia ching trén
khong gian p-adic Morrey c6 trong véi cac bicu trung thuoc khong gian tam BMO c6 trong.
Gan day nhat, Y. L. Shi va cac cong sy [Y. L. Shi, Y. F. Shi, S. B. Chen (2022), p-Adic Riesz
potential and its commutators on Morrey-Herz spaces, J. Funct. Spaces] dua ra cac diéu kién
du dé thé vi p-adic Riesz bi chan trén khong gian p-adic Morrey-Herz.

Tt cac van dé goi md & trén, trong luan an nay, chting to6i mé rong nghién cttu 1y thuyét cac
16p toan t& Hausdorff va thé vi p-adic Riesz lén cac khong gian ham tong quat hon. Két qua
clia luan an dugc tong hop tit cac bai bao [Al, A2, A3, A4, A5] da dudc cong bo trén cac tap
chi chuyén nganh qudc té uy tin: Journal of Pseudo-Differential Operators and Applications;
Russian Journal of Mathematical Physics; Analysis and Mathematical Physics; Fractional
Calculus and Applied Analysis; p-Adic Numbers, Ultrametric Analysis and Applications.



CHUONG 3
PHUGONG PHAP NGHIEN cUU

3.1. Co sé ly thuyét

Trong muc nay, ching toi trinh bay so luge ve truong s6 p-adic, khong gian vecto Qp, mot
s6 khong gian ham dugc stt dung trong luan an, 16p trong Muckenhoupt, cac bat dang thitc giai
tich, ... . Trong Chuong 3, ching toi c6 tham khéo céc tai lieu [H. Brezis (2011), Functional
Analysis, Sobolev Spaces and Partial Differential Equations, Universitext, Springer, New-
York], [G. B. Folland (1999), Real Analysis: Modern Techniques and Their Applications, A
Wiley-Interscience Publication], [L. Grafakos (2008), Classical Fourier Analysis, Second Edi-
tion, Springer], [A. Yu. Khrennikov (1997), Non-Archimedean Analysis: Quantum Paradoxes,
Dynamical Systems and Biological Models, Kluwer Academic Publshers, Dordrecht-Boston-
London], [G. O. Okikiolu (1971), Aspects of the Theory of Bounded Integral Operators in
LP-Spaces, Academic Press, London, New-York |, [A. M. Robert (2000), A Course In p-
Adic Analysis, Springer|, [M. H. Taibleson (1975), Fourier Analysis on Local Fields, Prince-
ton University Press, Princeton, NJ, USA, University of Tokyo Press, Tokyo, Japan], [V. S.
Vladimirov, I. V. Volovich, E. 1. Zelenov (1994), p-Adic Analysis and Mathematical Physis,
World Scientific].

3.2. Cach tiép can van dé nghién ciu

Sau khi nghién cttu cac tai liu lien quan dén toan tit Hausdorff va thé vi Riesz, bang cach
stt dung cic cong cu cla giai tich thye, giai tich p-adic, Iy thuyét khong gian ham, gidi tich
diéu hoa hién dai va su két hop khéo léo cac bat dang thic giai tich, ching toi da tiép can
va giai quyét duge cac van dé nghién ctu da dit ra. Cu thé nhu sau:

e Dé nghién ctu tinh bi chan cla toan tit Hausdorff va thé vi Riesz trén cac khong gian
ham c6 trong trén trudng s6 thiyc va truong sé p-adic, ching t6i dira vao dinh nghia ctia
cac khong gian ham da cho, sit dung thich hop céc phép bién doi va két hop khéo léo
cac bat dang thiic quan trong trong giai tich dé thu duge két qua. Déi v6i danh gia bat
dang thiic ngugc, ching to6i stt dung Iuge do ma J. Xiao dua ra trong cong trinh [J. Xiao
(2001), L? and BMO bounds of weighted Hardy-Littlewood averages, J. Math. Anal.
Appl.], d6 1a xay dung cac ham thit thich hop trong cac khong gian ham tuong ting de
dua ra cac udc lugng dudi cho chuan clia toan tit. Trén truong p-adic, ching toi cling
xay dung cac phuong phap tuong thich két hgp véi cau tric to-po, do do tich phan dic
trung ctia khong gian Q2 dé thu dugc két qua mong mudn. Trong mot sO trudng hop,
chiing t6i da thu dugc chuan clia toan tit.

e D@ nghién ctu tinh bi chin ciia cac giao hoan ti, ching to6i dua trén phuong phap noi
tiéeng duge dé xuat bdi R. R. Coifman, R. Rochberg va G. Weiss trong cong trinh [R.
R. Coifman, R. Rochberg, G. Weiss (1976), Factorization theorems for Hardy spaces in
several variables, Ann. Math.], trong d6, diém mau chdt 1a dua vé ude luong dao dong
trung binh, stt dung khéo léo cac bat dang thic giai tich va két hop v6i mot s6 ki thuat
dic trung khi danh gia toan t Hausdorff va thé vi Riesz. Tt d6 ching toi da thu duge
cac két qua mong mudn.



CHUONG 4
KET QUA NGHIEN CUU VA PHAN TiCH, DANH GIA,
THAO LUAN

4.1. Toan t¢ Hausdorff lién két véi bién do6i Opdam-Cherednik va giao
hoan t& trén khong gian Morrey-Herz c6 trong

Trong muc nay, chiing t6i nghién cttu tinh bi chan trén cac khong gian Morrey va Morrey-
Herz c6 trong lity thita clia toan tit Hausdorff lien két v6i bién doi Opdam-Cherednik va giao
hoan t ctia né véi bieu trung thuoc khong gian Lipschitz dude dinh nghia lan lugt nhu sau

o0

Hopof(z) = / @ ! (%) %dt, reR, (4.1)
0
va
Hhoatw = [ 201 (2) (-0 (1)) 22y, v 2)

0

trong d6 A, g(x) = (sinh[z])** ™ (cosh [2))**! o > g > —1 véi a > -4, @ € L1(0,00) va b 12
mot ham do duge trén R.
Dinh 1y 4.1.1. Cho 1 < ¢ < o0, —% <A <0, va w(x) = |z|7 voi v > —1.

(i) Néu
oo 1_1
B [D(t)] Agpu) \ @
QW‘ZfﬂﬂmwﬁﬁAm@w i< oo,

thy Ho e bi chan ti M (R) vao chinh né. Hon niia,
7B’ w,Aaﬁ

H A, A, <C .
IHasolling @onns @ S Clow

(ii) Nguoc lai, gia st @ la mot ham khong am trén (0,00) va Ha g 1@ mot todn tit bi chin
tren M) (R). Khi dé, ta c6

o¢] Aa 1_5
i = [ i it (G2 ) <o
0

tlJF%JF/\(lJF'Y) u€R Aa’ﬁ (tu)

Hon nia,

||Ha’ﬂ’q>||M::Za,5(R)_>M3:Za’6(R) > Cl,inf.

Dinh 1y 4.1.2. Chod e R, 1 < ¢2 < ¢1 < 00 va w(x) = |z|7 vdi v > —1. Gia st 1 < p < oo,
A>0hodc0<p<1, A>0wva
o0

- [ RO o,

a1+ (A=0)

0



trong do

W)= n = Ea
= (/R(Ejiitzi%ql) d“) ‘

Khi do, Hap e bi chan tu Mng{]\l (w,Ang) vao Mngg‘Q (w,Aa ), va théa man

sl arics, o, Au ) MRS (040 s) S C2

D6i véi truong hop ¢ = g2 = ¢, chiing toi sé thiét 1ap cac diéu kién can va du cho tinh bi
chan clia toan tit H, g trén khong gian Morrey-Herz thuan nhat c6 trong.

Dinh 1y 4.1.3. Cho 6 e R, 1 < ¢ < 00 va w(z) = |z|” vdi v > —1.
(i) Néu1<p<oo, A\>0hojc0<p<1, A\>0 va

oo 171
[©(2)] Aapu) \ °
sup — 1 _— dt ,
Coom = | g b \ Ay ) 5
0

thi Ha po bi chan tu MKS;;\ (w,Aq,3) vao chinh né. Hon nia,

#5001k A0 )M EE 0 An) S Csup:

(i) Nguoc lai, gia si ® la mot ham khong am trén (0,00) va He po la todn ti bi chan trén
MKS:;‘ (w,Aaﬁ) vdi mot 1 <p<oo, A\=0 hoic 0 <p<oo, A>0. Khi do, ta co

&) 1_;
- (D(t) . Aaﬁ(u) a
Cone= | T Wtk (m Ao
0

Hon nia,

Has.0 0153 (0,40 5) -+ MEE 0,40 ) =~ CBjint-

Tiép theo, ching t6i dua ra tinh bi chan cta ’Hg . trén cac khong gian Morrey-Herz c6
trong liiy thita véi biéu trung thudc khong gian Lipschitz.

Dinh 1y 4.1.4. Cho 1 < ¢ < o0, —é < Ao <0, w(z) = |z]" vdi v > —1 va b € Lip’(R) vdi

0<6<1. Giésﬁr&ng)q:)\z—% va

o0 1
o)t — 1/¢ A a(w) e
/ 1|+5+)>’\‘ 1+ )‘+9 Sup < =) ) dt < oo.
g AT u€eR AOéuB (tu)
0

Khi d6, ta c6 todn ti HY, ;4 bi chan ti M) (R) vio M)%! (R).

Dinh 1y 4.1.5. Cho 1 < ¢ < 1 < 00, w(z) = |27 vdi~y > —1 va b € Lip’(R) vdi 0 < 6 < 1.
Giésﬁl§p<oo,A20h0d00<p<oo,)\>Ovd51:52—|—$. Néu

7 D)D)t — 1)
t

1= -4 (1+7)(A=01)+6

a2

dt < o0,
0

trong do V(t) duoc cho trong Dinh ly |4.1.2, thi ’Hgﬁ@ by chan tu ng}q’? (w,Aaﬁ) VA0
) (52,)\
MERG: (w, Aag)-




4.2. Toan ti& Hausdorff tich suy rong trén khong gian Morrey-Herz hai
trong

Trong phan nay, ching to6i gidi thieu toan ti Hausdorff tich suy rong nhu sau:

Dinh nghia 4.2.1. Cho f: R™ xR™ — C; & : R™ x R™ — C; u,v : R™ x R™ — (0, +00);
s1:R™ = R, s9: R™ — R 1a cac ham do dugc sao cho si(t1) # 0, sa(t2) # 0 v6i hau khip noi
t1 € R™, t5 € R"2. Toan tit Hausdorff tich suy rong duge dinh nghia bdéi

My, s, () (21, 22) = // O(t1, t2) f(s1(t)a1, s2(ta)x2) (51(t122:z§t) 2) 4t dts, (4.3)
R™1 xR"2

trong d6 x1 € R™ 9 € R™2,

Néu chon u = v = A, voi Ag(z) = ] ‘23inh<%,aj>}2 , x € R™ x R™ thi ngl 5, tr0
OZGR+ '

thanh toan t& Hausdorff tich lien két véi bién doi Opdam-Cherednik duge dinh nghia bai

7—[%81732 (f) (x1, z2) // <I>(t1,t2)f(s1(t1)x1,sz(tz)xQ)Ak (811(422;1:;2;25 2)T2 )dtldtz, (4.4)

R™1 xR"2

trong d6 x1 € R™ 29 € R™2.

Cha y rdng, néu ta chon ®(t1,ta) = ¥(t1,t2)xX[0,1] x[o1)m2 (t1, t2), trong d6 ¢ : [0,1]" X
[0,1]"2 = [0,00), u = 1, v = 1, thi toan tit Hausdorff tich suy rong Hg"  tré thanh toan tit
Hardy-Cesaro tich c6 dang

Hopos1,s0 (f) (21,72) = / Y(t1, t2) f(s1(t1)z1, sa(ta)w2)dtrdta, 1 € R™ 29 € R™. (4.5)

[0,1]71 x[0,1]"2

R6 rang rang, néu chon ®(t1,t2) = ¢(t1, t5) X011 x 0,11 (1, 2), trong d6 + : [0,1] x [0,1] —
[0,00), si(t1) = t], sa(ta) = t&, vOi ty = (t],....t11), to = (t3,....15*), w = 1, va v = 1, thi
Heg,.s, (10 thanh todn ti trung binh Hardy-Littlewood tich ¢6 trong dudc nghien citu béi
M. Wei [ M. Wei (2021), Estimates for product weighted Hardy-Littlewood average and its
commutator on product central Morrey spaces, Mediterr. J. Math.] trén khong gian tich c¢6
tam Morrey. Toan tit nay dugc dinh nghia nhu sau

Hy (f) (1, 22) = //@U(tl,tz)f(tlifl,tzxz)dhdtz, r1 € R™ 29 € R™. (4.6)

Trong truong hop déc biét, v6i ¥ = 1 va ny = ng = 1, toan tit trung binh Hardy-Littlewood
tich c6 trong tré thanh toan t Hardy tich dudc giéi thieu lan dau tien béi E. Sawyer
[E. Sawyer (1985), Weighted inequalities for the two-dimensional Hardy operator, Studia
Mathematica] nhu sau

r1 T2

H (f) (331,332 //f tl,tQ dt dty, x1,x9 # 0. (47)
1'1 X9

Bay gio, ching toi dua ra cac két qua chlnh dau tién trong muc nay lien quan dén tinh bi
chan ctia toan tit Hausdorff tich suy rong trén khong gian tich c6 tam Morrey hai trong.



Dmh ly 4.2.2. Cho 1 < g2 < q1 < 00, _q% <A <0, -1 < A <0, v > —ny, ¥2 > —no, Va4

Mt =X+ Cho wy la mot ham trong théa man wy(tiz1, tews) < |t te| Pwi (21, 22), va
cho wy la mot ham trong tuy 4. Néu
2
Ci = / / 011, 12)] Tt 12) [ )| S dry < oo,
R™ xR"2 i=1

th todn i Hy" . bi chan tir MALS (R™ x R"2) vao M=% (R™ x R"2). Hon nita
”,Hu,v

. . <
®,51,52 HMQL‘% (R™1 xR"2)— M,2,82 (R1 xRn2) ~ Ca.

Trong trudng hop ¢ = g2 = ¢, chiing toi thu dude céc diéu kién can va da cho tinh bi chin
clia toan tit Hausdorff tich suy rong Hg', . trén khong gian tich c¢6 tam Morrey hai trong.
Dinh ly 4.2.3. Cho 1 < ¢ < o0, —% <A<0, 71 >—n1, 2> —ng va wy la ham trong tuy y

( ) Neu wy la mot ham trong thoa wl(t1x1,t2$2) SJ ‘tl‘vl‘t2’72w1($1,$2) va

2
m+ )AL
C47sup = / |<I> t17t2>| TSUp tlat2 H |S’L t’L ’V) a dtldtQ < o0,
R71 xR™2 i=1
tht Hy',, o, la mot todn tik by chan ti MY, (R™ x R") vao chinh né. Hon nita
u,v ) .
HH‘1>781,82 “Mﬁﬂw (R™1 xR"2)— M3 %, (R™1 xR72) < Casup-

(ii) Nguoc lai, gid st rang ® la mot ham khong am, wi la mot ham trong théa man
wl(tlxl,tgxg) [t1|" [to| w1 (21, 22), va todn ti Hausdorff tich suy rong Hy"

o510 bi chan tu
MY, (R™ x R™) wao My, (R™ x R"). Khi do ta co
C4 ,inf = // tlatQ inf tlatQ H ’31 tz m+% W 4 dtldtZ < OQ.
R71 xR"2
Hon nia,

”H(p ,51,82 |’Mw1qw2 (R™ xR"2)— Mj‘i’fwz (R™1 xR"2) > C4,inf-

Béi Dinh 1y 4.2.3 tinh bi chiin ciia toan tit Hausdorff tich lien két véi bién déi Opdam-
Cherednik trén khong gian tich c6 tam Morrey c6 trong ciing duge thiét lap

Hé qua 4.2.4. Cho 1< g < oo, —%<)\<O, Y1 > —np VG Y2 > —ng
(i) Néu w la mot ham trong théa man w(tizy,taxs) S |1€1|71|152]72 (71, 2) va

A ?
Cssup = / |®(t1,t2)| sup (Ak( ky(yl y2) > H|Sz nz—i—’yz A+

1
y1ER™ s1(t
R71 xR"2 yzGR"2 1( 1)

q dtldtg < 00,

thi ”H,@ 1,52 la mot toan ti bi chan tw Mj’ik (R™ x R™) vao chinh no. Hon niia
Han,sl,SQHM*g (Rn1 xRn2) =M% (R™1 xRn2) S Cs sup-
W, Ak W, Ak

(ii) Ngugc lai, gid st rang ® la mot ham khong am, w la mot ham trong théa mdn
(11, towa) 2 [t1|" |t w(zr, ) v HE | . bi chan trén M) (R™ x R"2). Khi d6

9



Q=

Ay, yz -
= t t f
Csinf = // (t1,t2) yllerJlR"l (Ak( U1 )

2
H | (VA g ity < oo
R71 xR"2 y2€R Sl(t) 2 2 =1

Hon nia,
k
I D,51,52 HMj;Z‘k (R™1 xR™2) M4 (R™ xR72) > Cs,inf-

Ching t6i ciing thu duge uée lugng cho chuan ciia toan tit Hausdorff tich lién két véi bién
doi Opdam-Cherednik trén khong gian tich c6 tam Morrey c6 trong nhu sau.

Hé qua 4.2.5. Cho 1 < ¢ < o0, —% <A<O0, 71> —n1, 2> —n2, w € Wy, 4, © la mot ham

khong am va

sup Ak(yl Y2) <C inf Ak(yla?ﬁ)

n A (- P2 veR™M Ap(-Y )’
1€R k\s1(t1) 52(22 Y E\si (1) s2(t2
JaCR"2 ) 52012 y2ER™2 @) ()

vdi C la hing s6 duong. Khi dé ’Hq, 1.5 la mot toan ti bi chan trén M:}"ik (R™ x R"2) néu va
chi néu Cysup < 00, trong doé Cssup dudc dinh nghia trong Hé qud |4.2.4. Hon nita, biéu thiic
sau ding

C5 ,Sup < HH(I) ,51,82 HMWA%k (Rnl XR”2)_>M:;\:Z}]€ (Rnl Xan) S CS,sup.
Béi Dinh 1y 4.2.3, ching t6i dua ra chinh xéc chudn ctia toan ti Hardy-Cesaro tich va

toan tit trung binh Hardy-Littlewood tich c¢6 trong trén khong gian tich ¢6 tam Morrey hai
trong. Cu the, ching toi c6 két qua sau.

Hé qué 4.2.6. Cho 1 < ¢ < oo, —% < A< 05 7,61 > —n1; 2,02 > —ng; w € W’Yla’Y?"
wa € Wg, 3, va ¢ la ham khong am. Cdc khdng dinh sau day ding

(1) Hy.s .5, la toan i bi chan trén M 1o (R™ x R™) néu va chi néu

// w t17t2 H|57, n1+71

[0,1]71 x[0,1]"2

Hon nia,

Pz o o sy e ey =G

(ii) Hy la todan tid bi chan tren Mw1 1o (R™ x R™) néu va chi néu

1 1
= / / h( t17t2 ¢, (Mt WA+ dtpdty < oo,
0 0

Hon nia,

||7—[¢ ‘ ‘ Mtﬁi?‘*@ (Rm1 xR7l2)—)M3i(fW2 (R™1 xRR"2) = C?.

Tiép theo, chiing t6i dua ra cac dieu kién di cho tinh bi chiin clia toan tit Hausdorff tich
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suy rong Hg" . trén khong gian tich Morrey-Herz thuan nhat hai trong.

Dinh ly 4.2.7. Choa € R, 1 < g2 < q1 <00, 71 > —ni, 72 > —ng, w1 € Wy, 4, V0 wa la mot
ham trong tuy y. Gid st 1 <p < oo, A >0 hoch<p<1 A >0 va

Cg = // |D(t1,t2)] Y(t1, t2) H |si(ti)] q2+ nlJr%)"l:rz? dt1dte < 0.
R"1 xR"2
Khi d6 todan ti Hy, ,, bi chan tu MES (w1, w) va0 MK (wi,w2) v théa man
<Cs.

15, 5001 '
D,s1,82 MK;,?”qkl (wl,wg)%MKK’q’\Q(wl,wz) ~

Trong truong hop ¢1 = ¢2 = ¢, chiing t6i thu dugc cac diéu kién can va du cho tinh bi
chan ctia toan tit Hausdorff tich suy rong trén khong gian tich Morrey-Herz thuan nhat co6
hai trong.

Dinh ly 4.2.8. Cho a € R, 1 < ¢ <00, 71 > —ni, 72 > —ng, wi € Wy, 4,, Va4 cho wy la mot
ham trong tuy 9.

(i) Neu1<p<oo, A\>0hodcO0<p<1, >0 va
+ 7,+ k3 -
CS,sup = // |(I) 1,12 ‘Tsup tl,tZ H |Sz tz a (n 7)”1'*'"2 dtldtg < 00,
R71 xR"2
thi todn tu 7—[%’21782 bi chan tu MKgf;])‘(wl,wz) vao chinh né. Hon nia,
u,v X .
||H(I>,S1,82 ||MK;L])\((U1,(U2)%MK3,’;\(L01,WQ) 5 CS’Sup'

(ii) Ngugc lai, gia st ® la mot ham khong am va ”Hq) 015 la todn ti bi chan trén MK&;]’\(M, wo)
vot mot 1 <p<oovaA=0 hoic0<p<oowva>0. Khido,

Cginf = // (t1,t2) Tint(t1, t2) H |si(ts)] ol dtidty < 0.
Rr1 xR"2

Hon nia, -
HH(I),Sl,Sz HMKK}{\ (U,Jl,(UQ)—)MKK’q)\ (w1,w2) Z CS’inf-

Ap dung Dinh 1y 4.2.8] ching t6i dua ra uéc luong chudn ctia toan tit Hausdorff tich trén
khong gian tich Morrey-Herz thuan nhat cé trong lien két véi bién doi Opdam-Cherednik.
Cu theé hon, khang dinh sau day la ding.

Hé qua 4.2.9. Cho a € R, 1 < ¢ < o0, 71 > —ny, 72 > —n2, w € Wy, 4, va ® la mot ham
khong am. Gia s 1 <p <oo, A=0 hodc 0 <p<oo, A >0 va

sup z4k(y1 ) 4 inf z4k(y1,yz)
1€ER™ k s1(l1 2 b k s1(t1) 7 s2(t2
ner’) ARy nes Ay s

vdi hang so duong C. Khi dé HE 1. L0 todn i bi chan trén MK&;J’\(w,Ak) néu va chi néu

1—1

Ao Ar(y1,12) !
C Ltll (t)] 0 TR kA1 dtydty < oo,
0 /7 e I Ap(FE=, 25) e

R71 xR™2 Zl glé:; t)? 52(t2)
2

11



Hon nta

k
_lCQ < ||H‘I>,81782HMK&}ZA(w,Ak)—)MK;L]A(w,Ak) SCQ

q

Chiing t6i cling dat dudc uéc lugng chuan clia toan tit Hardy-Cesaro tich va toan t1 trung
binh Hardy-Littlewood tich c6 trong trén khong gian tich Morrey-Herz thuan nhat hai trong.

Hé qua 4.2.10. Cho a € R, 1 < ¢ < 00, 71,01 > —n1, 72,02 > —ng, w1 € Wy, ~,, w2 € Wp, 3,,
va 1 la mot ham khong am. Gid st1 <p <oowva A=0 hodc0<p<oova\>0. Khi do, cic
khang dinh sau day la ding
(1) Hypsr.s, L0 todn tik bi chan tren MKy (w1,ws) néu va chi néu
2

7/+ﬁ1
Cio = // P tl,tg) H |Sz(t2)| +(nl+%)n1+n2 dt1dty < 0.

[0,1]1 % [0,1]2 i=1

Hon nia,

"H¢,S1,52 HMKS,’(;A(M,wQ)%MKﬁb*(wl,wQ) ~Cyp.

(ii) Hy la toan ti bi chan tren MKE}]’\(wl,wg) néu va chi néu

1 1
_nitBi 1) A—a
Cll = //77[) t17t2 7 +(’I’Lz+')/z)n1+n2dt1dt2 < 0.
0 0

Hon nia,

1Pl s o o) M s o) = Cr1

4.3. Toan ti¥ p-adic Hausdorff da tuyén tinh trén cac khéng gian ham va
mot s6 ap dung

Muc dich chinh ctia phan nay 1a nghién citu cic diéu kién can va du loai sup-inf cho tinh
bi chan trén khong gian tadm Morrey hai trong va khong gian Herz hai trong ctia toan ti
p-adic Hausdorff da tuyén tinh H ¢ c6 dang

1 AP = [ ] fistnat, = e (4.8)
p i=1
Q7
trong d6 f = (f1,..., fm), fi : Qp — C la cac ham do dugce theo do do Haar, ¢ @g — C, va
si : Q% — @, la cac ham do dugc theo do do Haar thoa man s;(t) # 0 v6i hau khap noi t € Q1.

Tt céc két qua chinh, ching toi dat dude wée luong chuan trén khong gian Herz hai trong
clia toan tit p-adic Hardy-Litlewood da tuyén tinh va toan tit tich phan m-tuyén tinh p-adic
da tuyén tinh lan lugt c6 dang sau

'HZ)’ (fl,..., /¢t1,..., Hf(tx)dtl Ldtp,, ZL’EQZ, (49)
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7—13 (1,5 /i / K( |x|pa |y1|pa . |ym|p) H i(yi)dyr .. dym, x€ @;
=1
@)™

Bay gio, ching toi dua ra cac dieu kién can va du cho tinh bi chan clia todn tit p-adic
Hausdorff da tuyén tinh trén khong gian tam Morrey hai trong.

Dinh 1y 4.3.1. Cho 1 < q,q; < o0, B,0; > —n, —% <A< 0 wva —% < N < 0, vdi moi

i=1,....,m. Gid st rang w, w; la cdc ham trong tuy 4, va v(r) = ]x|£, vi(z) = |x|5’ sao cho
¢ 1 1) =1 1
Z(?H—ﬁﬁ Ait—)=n+08) [ A+=-|va )y —=-.
- g q g g
i=1 i=1
(i) Néu
n+ﬂz Ai +§1
Cl2,sup = / sup ’90 ‘ H |31 “dy < 00, (410)

thi todn i H, . bi chan tw H Mo (Qp) vao Mé\ﬂ(@;}) Hon nita
1=1

p
H ©, 3|| H Mv;‘gz M,i\(g S A]_ 6127supa

1=

trong do

(pr+B) — 1)V

=1

(ii) Cho o la mot ham khong am. Khi dé, néu Hp bi chan tu H MY (@Qp) wao Mag(@g)

i ,Wi
=1
thi ta co

n—i—ﬂz )BY +§1
Cl2,inf = / 1nf H |31 ! d?/ < o0, (411)

P

p
H LPSHHMUZZ& M352A2 C121nf7

i=

trong do

—s

1 (pr 69 (vt 1) _ 1)

Ay = - — - Aj.
(p(nJrﬁ)()\qul) _ 1)5

Déc biet, néu w(r) = [z[) va wi(z) = |z[}" sao cho T = Zm L thi ta co

qup(y = 1nf H|51 )

v6i moi y € Q4. Do d6, béi Dinh 1y 4.3.1} ta c6 két qué sau.
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Dinh 1y 4.3.2. Gud sfﬂ cdc gid thiét cua Dinh ljl4.3.1 ding. Cho o la mot ham khong am va

w(z) = |z|p, wilx) = |z|)} thda v,~i > —n, vdii= 1 ,m sao cho
J_ ﬂ
¢ =

Khi do, toan ti ’H,p bi chan tu H M (Qp) vao Mﬁﬁ(@g) néu va chi néu

1=1
n+ﬁz A B
/ H |si(y “dy < oo.
i=1

Hon nia, trong truong hop nay, ta co
< ||HP <
Az - A HH ”1‘[ Mo — Av-A

Béi Dinh 1y 4.3.2] 1ap tic ta dat duce hé qua sau.
Hé qua 4.3.3. Gid st cdc gid thiét ciia Dinh ly’ dung. Cdc khing dinh sau day la ding.

(i) Todn it ™ bi chan tu H NS Q) vao Mpd(QR) néu va chi néu

=1
Bi—vi

+BZ 7/+ .
81:/ Ifl,..., H’Zn K dty...dt,, < oo.
(

B

Hon nia,

Az - By < |[H™ HH e S <A - B.

(ii) Todn té T2™ bi chan tu H M Qy) vao Mﬁ‘ﬁ(@*) néu va chi néu
i=1
Bi=;

(n+B8i) i+
By = / KL ltlps . lymlp) H|yz s ..y < 0.
(Qp)m™

Hon nia,

Ag - By < [|[TZ™| ﬁ ARy < Ap - Bs.

Tiép theo, chiing t6i dua ra cac diéu kién can va du cho tinh bi chan ctia ! . tréen khong
gian p-adic Herz thuan nhat hai trong.

Dinh 1y 4.3.4. Cho 1 </, l;, q, q; < o0, B, Bi > —n va a,a; € R, vdi mot i =1,...,m. Cho
w, w; la cac trong tuy 7, va v(zx) = |x|£, vi(x) = |x 5 sao cho

i
3
+
5
é?
I
3
+
Q
Q
SHES
I
Q| =
S
=)
(]
Nl}—l
I
|
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m .
thi 1), . bi chan ti ] K&f’q((@g) vao Ky, g’q(@g). Hon niia,

i=1
< A3 - C13,sup;

||Hp §'|| e l.q ol
125,497 a,k,q
@ H Kuil,w; =Ky

i=1

trong do o
(pn-l—ﬁZ o 1) n

::]3

o

1_ —MN\n
A3=m( - )a. -
[[a-pm+ (@*-1)
1=1

31Q

m .
(ii) Gid st rang ¢ la mot ham khong am va 7—[275. bi chan tw ] K55 (Qp) wvao Ko‘zq(@g).

i=1
Ta co
m — (i) g 2
C13,inf =/ Qinf(y)@(y)H|5i(y)|p ! “dy < o0.
d
i i=1
Hon nia,
HHP ol m > A3 - C13,int-

HKO‘Z qu‘)Kf;qu -

=1

Béi Dinh 1y 4.3.4] ching t6i thu duge chuén clia toan tii p-adic Hausdorff da tuyén tinh
trén khong gian p-adic Herz thuan nhat hai trong véi cac trong liiy thira.

Dinh 1y 4.3.5. Gid st cdc gid thiét cia Dinh ly ding. Cho ¢ la mot ham khong am va

Fudiy,y > —n, vdti=1,...,m sao cho
m

Y Y

w(z) = |zlp, wilx) =[xl

— 4 4

m g . . . Z Z
Khi do, Hiﬁ la todn t& by chan tw HlK&&’%(@Z) vio Kaé(](@g) néu va chi néu
1=
Cia = / H |siy

n+62) oty
" dy < o0.

Hon nia,

H,HZS;EH ﬁ Kl ot =C1y - As.

=1

Ap dung két qua ctia Dinh 1y 4.3.5| ta thu duge chuan clia toan tit p-adic Hardy-Littlewood
da tuyén tinh c6 trong va toan tit tich phan m-tuyén tinh p-adic trén khong gian Herz hai
trong.

Hé qua 4.3.6. Gid st cdc gid thiét ciia Dinh l@j ding. Cdc khdng dinh sau day la ding.

m h . . . e 2 //\
(i) Todn tii 1™ bi chan tw [] K&jﬁ;qu(@g) VA0 Ko‘zq(@g) néu va chi néu
i=1

m _(”Jﬁei) v

C15:/ Qb(tl,,tm)H’tz‘p ! " dtldtm<00
(zz)™ i=1

Hon nia,
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m . = C15 . .A3.
[ Koot =K

i=1

el

(i) Todn ti& TE™ bi chan tu H Kot (@) vao K59(Q2) néu va chi néu

m nJrBZ i— n+v;
Co= [ KLl il H|yz|p gy dym < 00,
@)m
Hon nia,
175" Hﬁ ot qu_>Kaeq—016'«43.

Ching to6i dua ra mot vai ap dung tit cac két qua ve tinh bi chin cia toan ti tich phan

m-tuyén tinh p-adic 72" trén khong gian Herz hai trong.

(i) Ta dat 1
K .. = )
s Jonly - omle) = e e Ton Ty Y- moancl el Tl )
Khi d6, T2™ tré thanh toan ti m-tenxd tuyén tinh p-adic Hardy-Littlewood-Pélya duge dinh
nghia nhu sau: v6i moi z € Qj,
fily) - - fn(ym)
p,m o = dyi ... dym.
ST el e o 7 e s (e LU
@)™
Mit khéc, néu 1
K . =
(|I|P7 |y1|p’ ) |ym|p) (max{|as\p, ‘yl‘pa L |ym‘p})m

khi d6 T72™ tré thanh toan t1t m-phi tenxo tuyén tinh p-adic Hardy-Littlewood-Pélya c6 dang

p,m =
Q (fl,,fm)(x) (Q{m (max{|$‘pa‘yl‘p,...,’ym‘p})m

—n va a,o; € R, vdt mor i =1,...,m.

Hé Clllé 4-3-7- ChO 1 S €7£i7q7Qi < 00, ﬁaﬂi7777¢ >

Cho v(x) = |x|£ va vi(x) = |2y, wz) = |zl), wizr) = ]9v|’Yz sao cho
D (ntpi)ai=(n+p)a ] e Zzz—-
1=1 i=1 i= =1
Ky hiéu ¢; == — (#) a; — %, ¢:=— (#) a— %. Cac khang dinh sau day la ding.

m . Z z
(a) Todn tir QP™ by chan tuw [T Ky'ni®(Qp) vao Ko‘gq(@;‘,) néu va chi néu

=1

—1<¢G <0, véimot i=1,...,m.
Hon nia, m (1 p1y?
- P
1" cea = A3 _ -
SRS G E (1 =p%)(1 —p=1)

1=

m . . . . Z
Todn ti QP™ bi chan ti ] K&05%(QF) vao Ko ba néu va chi néu
Wi p i
i=1

(<0 va ¢>—-1vdimoi 1=1,...,m.
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Hon nia,

l—p ™ (1—pL
Q™ = Ay T

HKU,L-’L,L;;’%%KS‘,UQ .

= (3

— 6 _ n—(GH+1)Y’
L=p¢ 23 (1—p= (@)

(ii) Ta chon m
1
K (|2lp. ]y lyms) = [ ] (—m Y ) -
p tip

i=1
Do d6 T2™ tr6 thanh toan ti m-tenxo tuyén tinh p-adic Hilbert ¢6 dang

fiyr) - fn(Ym)
[zlp + y1lp) - ([zlp + |ymlp)

HP(fry oo f)(2) = / ( dyi ... dym, v € Q).
@)
Tuwong tu, véi 1
K(|zlp, llps - [ymlp) =
P Y2 s [dmp (|x|p+ |y1|p++ |ym|p)m,

khi d6 T2™ tr6 thanh toan tit m-phi tenxo tuyén tinh p-adic Hilbert nhu sau

. B Silyr) - fm(ym)
HP"(f1, . fm) () (ng (Izlp +lyilp + -+ [ymlp)™

Hé qua 4.3.8. Gid st cdc gid thiét cia Hé qud diing. Cédc khang dinh sau day ding

dyy - .. dym, v € Q).

m . . . £ 28
(a) HP™ bi chan tu ] Kﬁjzf?qz((@;) V4.0 Kﬁ;f’q(Q;) néu va chi néu
i=1
—1<¢ <0, votmot i=1,...,m.

m 00 (kG 4 k(Git1)
1 (p~* 4 pHarh)
pm =As-(1—p Hym - .
1% HnKﬁ;,zf;i’un%*q Az (1=p7) H(QJF; 1+ pk )
1= =

=1

Hon nia,

m . . 7z £
(b) HP™ by chan tie T Kool ® Q) vao Kﬁf’q((@;) néu va chi neu
i—

1
(<0, G>-1, wdimoi i=1,...,m.

Hon nia, G
P

m
7 o= [ Iy,
H Kgii,@i’qi%KSi’we’q (1 + ’y]_’p + ctt + |ym’p)m

i

= @)™

(iii) Cubi cling, ching toi nghién citu todn ti m-tuyén tinh p-adic Hardy béi cach dat
K(’l’|p, ‘y1|p7 ] |ym|p) = ’x‘;mXﬂ(yl,‘..,ym)‘p§|$‘p}<|y1|P7 R ‘ym|p)

Khi d6, T2™ tr6 thanh toan tit m-tuyén tinh p-adic Hardy dugce dinh nghia béi

SO S0 = o [ S i din 2 € @

el
[(Y15eesym) [p <[]

il N . % N o £
Tu Hé qué |4.3.6/ kéo theo rang $HP™ bi chan tu [] Kf,’j;f;’qz(@;) Vao Kf}ff’q(@;) néu va chi néu

i=1
m m
/ nyz'gidm---dym—n(/!yi
i=1 =1 g
ya

(Z5)™

gidyi) < 0
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S G>—1,v6imoi i=1,...,m.

Trong truong hgp nay, ta dat dugc

[P |
Ky o g = Yilp
[1 KZZ,LU;"’Z%K?,f"
=1

1 —p_1
Gi B
i) = H (1 L)

4.4. Thé vi p-adic Riesz va giao hoan ti¥ trén khong gian p-adic Morrey-
Herz hai trong

Trong muc nay, ching toi thiét lap cac dieéu kien da cho tinh bi chan trén khong gian
Morrey-Herz hai trong ctia thé vi p-adic Riesz c6 dang sau

() () = — /@ &) g,

Cn(a) Jon |$—?/|g

P

a—n

trong d6 f: Q) — C, I'n(a) = 11 1; —, V6i p 1a s6 nguyen t6 va a € C\{0}. Hon nita, mot vai

u6c luong cho giao hoan tit ctia thé vi p-adic Riesz c¢6 dang

Ip’b(f)(.T) _ 1 f<y>(b($) — b(y))dy, = Qn
“ [y (a) Qr |z —ylp™@ P

trén khong gian loai nay véi biéu trung thuoc khong gian Lipschitz va khong gian tam BMO
c6 trong dugc thiét lap.

Dinh 1y 4.4.1. Cho 0 < (<00, 1 <q,¢",( <00, A\>0,v> —n, a la s6 phiic vdi 0 < Rear <

n( — g), v(z) = |z|) va w e Ac(QU) vdi chi so tdi han ry cho dieu kién Holder nguge. Gid si

N R
q>q*¢rl,, 6 € (1,ry), va oy =01 — e Néu

O G E () BT

thi I la todn tid bi chan tu MKZ;’A(v,w) VA0 M/ng’q’ q(v,w).

Dinh 1y 4.4.2. Cho 0 </{ < 00, 1 < ¢q,¢",{ < o0, )\ZO,bELipﬂ(Qg), v0i 0 < B<1, vaala
s6 phitc vdi 0 < Rea < n(l - —) Cho v(z) = |z]y vdiy > —n va w € A(Qp) vdi chi 0 tdi
han r,, cho dieu kién Holder nguoc. Gid st q > q*(rid,é € (1,r,), va o9 =01 — W. Néu
dieu kien ([4.12) dung, trong dé Rea dugc thay thé bdi (B + Rea) trong Dinh lyj tha

,b
H]g (f)HM"CZqu(”W) 5 ||b||LipB(Qg)||f”M['(Z(11’)‘(U7w)7
vdi moi f € MKZ;’)‘(U,w).

Dinh 1y 4.4.3. Cho 0 < ¢ < o0, 1 < q, q1, q2, ¢*, { < o0, %——+—,aldséphﬁcv6i

0 <Rea < n(l - —) be CMOZ(Qyp), A >0, v(x) = |z) vdiy > —n vaw e A(Q)) vdi chi 50
tdi han r, cho dieu kien Holder nguge. Gid si q > q*Crl), § € (1,7), va o9 = o1 — "nlif;o‘ Néu
5—1
(n + ’y))\ _n 4 Rea (n +

- 0 7)01 <n<1—%) (4.13)
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thi I2° la todn ti bi chan ti MKZ;)\(U,Q)) Va0 MlCZf}’f‘ql (v,w). Hon nia,

b
[RES (f)||M"CZif,q1(”v“’) S ||b||CMoz,2(Qg)||f|’MKZ}1iA(U7w)-
Néu chon X = 0 trong Dinh 1y 4.4.1] Dinh Iy va Dinh 1y 4.4.3 ta thu dugc diéu kien

dt cho tinh bi chan ctia thé vi p-adic Riesz va cac giao hoan tit trén khong gian p-adic Herz
thuan nhat hai trong.

Heé qua 4.4.4. Gid si cdc gid thiét cia Dinh lj ding. Néu

Rea—EE < (n+7)a1 <n(1—£),
q o n q

thi I, la todn tit bi chan tir Kg5™(Qp) vao K324 9(QR).

Hé qua 4.4.5. Gid st cdc gid thiét cia Dinh ly’ diing. Néu

5+Rea—25_1 < (n+7)01<n(1—£),
q o n q

thi
b
& (D llggaeaa(qpy S M0llipe p 1l 100y

Hé qua 4.4.6. Gid st cdc gid thiét cia Dinh ly’ diing. Néu

Rea—ﬁ(s_1 < (n+7>01 <n<1—£),
@0 n q

b
122 ot gy S Wellcnsors gy 171 oo g

Ap dung Dinh 1y 4.4.1, ta thu dugc tinh bi chan ctia thé vi p-adic Riesz trén khong gian
p-adic Morrey va Morrey-Herz hai trong liiy thita. Dé c6 dude cac két qua nay, ta can siu
dung bo dé sau.

Bo6 dé 4.4.7. Chi s6 tdi han cho diéu kién Holder ngugc cia ham w(z) = |z|9 vdi 6 > 0 la
ry = +00.

Ta ¢6 w(z) = |2[0 € Ac(QP) v6i moi ¢ > 1+ £. Ap dung Dinh 1y [4.4.1] ta thu duge mot
s6 dieu kien du cho tinh bi chan ctia thé vi p-adic Riesz trén khong gian p-adic Morrey-Herz
thuan nhat hai trong liiy thira.

Dinh 1y 4.4.8. Cho 0 < { <00, 1 <¢q,¢* < o0, A >0, v(z) = |z|j vdiy > —n, va w(z) = \x|g

vdi 6 >0, a la mot s6 phiic véz’O<Rea<n(1—%—niq). Néuq>q*(1+%> va

1 6
("+7)A—9+Rea<("+7)al<n(1————), (4.14)
n q n q ng
khi d6 I% o mot todn ti b chin tie MK] (|2l [2[5) vao MKJ2 (|2f3,1210), trong d6 o =
n.Rea
o1 — W

Dic biet, v = w = 1, ta thu dudc tinh bi chin ctia thé vi p-adic Riesz trén khong gian
p-adic Morrey-Herz.
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Hé qua 4.4.9. Cho 0 < { < 00,1 < q,q* <00, A >0, a la mot s6 phitc v9i 0 < Rea < n(l—%).

Néu q > ¢* va

1
/\—E+Reoz<01<n(1——), (4.15)
q q
thy I% la todn ti bi chan tit MK]NQR) vio MK (QR), ¢ d6 o3 = 01 — Reav.
~ N PR < x o3 1 _ 1  Rea , . o o
Nhan xét 4.4.10. Chua y rang trong trucng hgp ¢ < ¢* va F = 1 o2, tinh bi chédn cua

thé vi p-adic Riesz trén khong gian p-adic Morrey-Herz dugc nghién cttu bdi Shi va cong
su [Y. L. Shi, Y. F. Shi, S. B. Chen (2022), p-Adic Riesz potential and its commutators on
Morrey-Herz spaces, J. Funct. Spaces].

Theo Dinh 1y va Dinh 1y 4.4.3] ta thu dugc tinh bi chin clia giao hoan tit clia thé
vi p-adic Riesz véi bieu trung thuoc khong gian Lipschitz va khong gian tam BMO c¢6 trong
Iy thita trén khong gian p-adic Morrey-Herz thuan nhat hai trong.
Dinh 1y 4.4.11. Cho 0 < { < 00, 1 < q,¢* < 00, A > 0, v(z) = |z|) vdiy > —n, vi w = |x|g
v6i 0 > 0, a la s6 phic v6i 0 < Rea < n(l . niq), b e Lip® (@), vdi 0 < B < 1. Néu

q>q*(1+%) va

1
ﬁ+(n+7))\—E+Reoz< (n+7)01<n(1———i),
n q n q nq

thy 18" 1o todn tii bi chan tit MK] A (|al), [2[5) vao MK (|23, [x]0), trong d6 oz = o —
n(f+Re )

rEe Hon nia,

P.b . < , .
||]a <f)||M/C22qlqu(|x\z7|x|Z) ~ ||b||L1pﬁ(Qg)||f||MKZ}1’A(|x|;7‘x|g)~

Dinh 1y 4.4.12. Cho 0 < ¢ < 00, 1 < q,q1,q2,¢* < o0, % = q—ll + q%, A > 0. Cho v(z) = |z,

vo1 Y > —n, w(r) = ]a:|z vdi 0 > 0, a la mot s6 phiic vdi 0 < Rea < n(l -4 —), va

b e CMO®(Q1). Néu g > q*(l + g) Vi

1 0
(n+7))\—£+Rea< <n—|—7)01 <n(1————),
n q1 n q  nqi

- < ’b N . 2, - v N ) 0'1,)\ N y 0'27A ¢
khi do 15" la todn ti bi chan tu MK (lzlp |215) vao MK (lzlp, |2(%), trong d6 og =

an*7q1
n.Rea o
o1 — BEE. Hon nia,

p,b . < .
H[a (f)HMICZi?,q(IwIZ,\xlﬁ) ~ HbHCMOleg(Qg)HfHMKZ;ﬂ*(m;JMg)'

Cho v = w = 1, ta thu dudc tinh bi chan cho giao hoan tit cia thé vi p-adic Riesz véi biéu
trung thuoc khong gian Lipschitz va khong gian tam BMO c¢6 trong trén khong gian p-adic
Morrey-Herz.

Hé qué 4.4.13. Cho0 < (< o0, 1 <q,q* < oo va A >0, a la s6 phitc v(%0<Rea<n(1—%),
b e Lip”(Q1), vdi 0 < 8 < 1. Néu q > q* va

1
B—I—/\—E—I—Rea<01<n(1——),
q q
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thi giao hodn ti& cia thé vi p-adic Riesz IZ° bi chan tir MK?;”\(QZ) Va0 MICZQq’ ,(Qp), trong
do o9 = 01 — (B + Rea). Hon nia,

,b
& (O = S 10 oo @ 1 a1 -

Hé qua 4.4.14. Cho 0 < £ <00, 1 <q,q1,92,4" <00, 2 = &=+, A > 0, a la mot 56 phiic vdi
O<Re0¢<n(1—a), va b € CMO?(Qy). Néu ¢ > ¢* va

1
)\———I—Rea<01<n<1——)
a1 a1

thi giao hodn ti cia thé vi p-adic Riesz I2° bi chan tu MK?;’;\(QZ) vio MK} (@Qp), trong

Lq*,q1
do o9 = 01 — Rea. Hon niia,
D,b . )
125 gz ) S IBllonorsi@pllFllaricn g

4.5. Thé vi p-adic Riesz v6i nhan thé va cac giao hoan tit trén khong gian
p-adic Morrey va Herz hai trong

Trong muc nay, ching t6i nghién citu tinh bi chin ctia thé vi p-adic Riesz v6i nhan tho va
giao hoan tit v6i cac bieu trung thuoc khong gian tam BMO c¢6 trong lan lust c6 dang sau

o)) = /@ g, (4.16)
n ;)L i p
va
by — L (b(x) = b)Yl f @) , -  on
]g,Q(f)( ) - Fn(Oé) /g |{L‘ . y|}7o7,—o¢ dy, v € Qp’ (417>

trén khong gian p-adic Morrey, Herz hai trong.

Dinh 1y 4.5.1. Cho 1 < £, ¢, (1, < 00, A € (—=1,0) va Q € L¥(Sp). Cho w1 € A, (Q}),
wy € A, (QW), vdi chi so tdi han tuong ing ro,, rw, cho dieu kien Hélder nguge, sao cho
wo(By) < wi(By), vdi moi k € Z. Gid st q > (or!, , 61 € (1,1y,), 02 € (1,74,), va « la s phiic
théa diéu kién

w2

O<Reoz<mm{Z((5252 —Cl)—n)\(slézl;n(%—%)} (4.18)

Khi do, I}, o la mot toan i bi chan ti Mwl’qM(Q”) Va0 I\\/JIW’1 ;,2" (@Qp), va théa man

172 (Dl s

w1 ,w ( p)

S Q0 e syl e, @

Dinh 1y 4.5.2. Cho 0 < s < 00, 1 < £,¢,G,& < 00 va Q € LY(Sy). Cho wy € A, (Q),
wy € A, (QR) vdi cdc chi s6 tdi han lan ligt 1o r,, rw, cho dieu kien Holder nguge, sao cho
wa(By) < wi(Bg), vdi moi k € Z. Gid sit g > €lorl,, 61 € (1,1,), 02 € (1,74,) va a la mot so
phic théa dieu kién

noy—1
q 02

n(% - 9)}. (4.19)

O<Rea<m1n{
q
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=24 (4.20)

< (ot < n(l - %) (4.21)

02,8 Z

khi do IZ,Q la todn ti¢ bi chan tu KZ};Z’E(QZ) VG0 Ky " (@”) Hon nita,

p
220 rpnessa o S 190 ey iz

Dinh 1y 4.5.3. Cho 1 < (,4,q1,¢2,¢1,G2 < 00, A € (—2%,0), 2 = L + L va Qe L(S)). Cho
w1 € A (Q)), wa € A, (Q)), vdi chi so tdi han lan higt 1o ry,, ro, cho dieu kién Holder ngugc
sao cho wa(By) < wi(By), vdi moi k € Z va b € CMOL,(Qy). Gid s q > (lary,,, 01 € (1,74,),
52 € (1,7y,), va a la mot s6 phic théa

n 0y —1

O<Rea<mln{
Q1( )

o —1 1
— 1) — nA 151 n(z _ %2)} (4.22)

Khi do, Ip’ la mot todn ik bi chan tu Mwl’q(bz(@”) VA0 Mw’1 ;,2" (Qp). Hon nita,

p,b
||Ia,9(f)||M3,ﬁ,i%(Qg)<||Q||sz sollbllemoz 1F 1l 2, qp)-

Pinh 1y 4.5.4. Cho 0 < s < o0, 1 <, q, q1, ¢2, (1, G2 < 00, + =L 4+ L ya Qe LF(Sy). Cho

7 q @ g2
w1 € Ae, (QR), wa € A, (QR) vdi chi 50 tdi han lan lugt la ry,, ro, cho diéu kién Holder nguogc
$ao cho wa(By) < wi(By), vdi moi k € Z va b € CMOE,(Qy). Gia st q > (lary,,, 61 € (1,74,),
o € (1,7,,) va o la mot so phiic théa

O<Rea<mln{;525;1,n(%—%)} (4.23)
Néu
%+q—11:%+%, (4.24)
va
Rea—%CSQé_l <C101<n(1—%). (4.25)

Gg,s,e

Khi do, Ip’ la mot todn ik bi chan ta K)o (QR) vao Ko, (@”) Hon nia,

1200 g o S 1920 s Pllenton 11 iz oy
w1,w2 P
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CHUONG 5
KET LUAN VA KIEN NGHI

Luan an nghién citu tinh bi chan va uéc lugng chuan cho mot sb 16p toan ti Hausdorff,
thé vi Riesz va céc giao hoan tit clia ching trén mot sd khong gian ham. Céc két qua dat
dudc ciia luan an bao gom:

e Dua ra cac diéu kién can va di cho tinh bi chan trén khong gian Morrey va Morrey-Herz
c6 trong lity thita ciia toan ti Hausdorff lien két véi bién doi Opdam-Cherednik c6 dang

o0

_ (2, (o) Aas (§)
HOC’ﬁ?(I)f(m) = /T (;) Wdt, T &€ R,
0
trong d6 A, g(x) = (Sinh|x|)2a+1(cosh|x|)w+1, a>pB>—-3véia>-1 vade L0 00).

Mot s6 két qui ma ching toi dua ra 13 md rong cic két qua nghién ctu ctia S. S.
Mondal va A. Poria [S. S. Mondal, A. Poria (2022), Hausdorff operators asociated with
the Opdam-Cherednik transform in Lebesgue space, J. Pseudo-Differ. Oper. Appl.]. Hon

nita, ching toi ciing dua cac dieu kién da cho tinh bi chin clia giao hoan tit clia toan
tt Hausdorff lien két véi bién doi Opdam-Cherednik c6 dang

H o 7‘1)7 L ()-b(%))%dt, veR,
0

trén khong gian Morrey va Morrey-Herz c6 trong liiy thita véi bicu trung thuoc khong
gian Lipschitz.

e Gidi thieu toan tit Hausdorff tich suy rong c6 dang

7—[%’77;1782 (f) (w1, 20) = // q)(t1>t2)f(81(t1)x1,32(t2)x2)u(51<t1)x1’52<t 2)T2 >dt1dt2,

v(z1, T2)

R™1 xR"2

v6ix; € R™ 29 € R, Trong d6 f : R xR™ — C; & : R™xR™ — C; u,v: R"xR" —
(0,4+00); s1:R™ 5 R, s9:R™ — R la cac ham do dugce sao cho sq(t1) # 0, sa(t2) # 0
v6i hau khap noi t1 € R™, 5 € R™. Néu chon ham ® va cic ham trong u,v phit hop thi
toan ti Hausdorff tich suy rong tré thanh toan t& Hausdorff tich lien két v6i bién doi
Opdam-Cherednik, toan tt Hardy-Cesaro tich, toan tit trung binh Hardy-Littlewood
tich c6 trong va toan tit Hardy tich. Dong thoi, ching to6i nghién cttu tinh bi chin cla
toan ti Hausdorff tich suy rong trén khong gian tich Morrey, va Morrey-Herz hai trong.
T cac két qua chinh, ching t6i thu duge uée lugng chuan cho toan tit Hausdorff tich
lien két v6i bién ddi Opdam-Cherednik va céc cong thiic tusng minh cho cac chuan cia
toan tu trung binh Hardy-Littlewood tich c¢6 trong va toan tit Hardy-Cesaro tich trén
cac khong gian loai nay.

e Dua ra cac diéu kién can va du cho tinh bi chan trén khong gian Morrey, Herz hai trong
clia toan ti p-adic Hausdorff da tuyén tlnh c6 dang

Hp (f / Hfz 52 t; T e ng

Q3
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trong d6 f = (fi,-- fm), fi - Q) — Cla cac ham do dugc theo do do Haar, ¢ : @g — C,
VA 8 Qg — @, 1& cdc ham do duge theo do do Haar thoa man s;(t) # 0 v6i hau khép
noi ¢ € Q. Tt két qua chinh, ching t6i ciing thu duge ude lugng chuan clia cac toan
tit p-adic Hilbert da tuyén tinh, toin ti p-adic Hardy da tuyén tinh, toan ti p-adic
Hardy-Littlewood-Pélya da tuyén tinh trén cac khong gian Morrey va Herz hai trong.
Két qua ctia chiing t6i md rong va cing cb cac két qua truée dé do Batbold va cong su
[T. Batbold, Y. Sawano, G. Tumendemberel (2022), Sharp bounds for certain m-linear
integral operators on p-adic function spaces, Filomat| dua ra.

e Thiét lap cac dieu kién du cho tinh bi chan trén khong gian Morrey-Herz hai trong véi
cac ham trong thuoc 16p trong lity thita va trong Muckenhoupt ctia thé vi p-adic Riesz

c6 dang
2(f)a) = — /@ v g,

Cul@) Jog [ — ol

trong d6 f : Qp — C, I'n(a) = 2,
ching t6i cing dwa cac wéc lugng Lipschitz va wée lugng tam BMO c¢6 trong ctia cac

giao hoan tit clia thé vi p-adic Riesz c6 dang

1 f(y)(b(x) — b(y))

In(c) Qz lz—ylp

véi p 1a s6 nguyen t6 va o € C\{0}. Hon niia,

B (f) (@) =

dy, © € Qp,

trén khong gian Morrey-Herz hai trong.

e Thiét lap cac diéu kién du cho tinh bi chin trén khong gian Morrey va Herz hai trong
v6i cac ham trong thuoc 16p trong Muckenhoupt ctia thé vi p-adic Riesz v6i nhan tho
c6 dang

9

1 Qylpy) f(y)
P x) = d
an(f)(@) T /@

n(a) no |z =yl

trong do f: Q) — C va Q: 5y — C la cac ham do duge. Hon nita, ching toi dua ra cac

diéu kien du cho tinh bi chan ciia giao hoan tit ctia thé vi p-adic Riesz v6i nhan tho co
dang

" () () = — /(b(x)—b(y))ﬂ(lylpy)f(y)
’ Q

dy, v € Q.
Ln() z — y[n Y P

trén cac khong gian nay véi cac biéu trung thuoc khong gian tam BMO c¢6 trong.

Bén canh cac két qua da dat dugce trong luan an, mot s6 van dé mé lien quan cé thé tiép
tuc dugce nghién cttu. Cu thé nhu sau:

e M4 rong nghién cttu tinh bi chin clia toan t& Hausdorff lien két véi bién doi Opdam-
Cherednik trén mot s6 khong gian ham c6 trong vdi 16p trong thuan nhat, 16p trong
Muckenhoupt, va 16p trong tuy y, trén khoéng gian vecto R™.

e Nghién cttu tinh bi chan ctia giao hoan tit cua toan ti Hausdorff tich suy rong va cua
toan ti p-adic Hausdorff da tuyén tinh trén mot s6 khong gian ham tong quét hon.

e Thiét lap cac dicu kién can cho tinh bi chan ciia thé vi p-adic Riesz va thé vi p-adic
Riesz v6i nhan tho trén mot s6 khong gian ham.
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